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Glenwood High School 
Year 12 – Trial HSC Examination 
Assessment Task 4 

2023 

Mathematics Extension 2 

General  
Instructions 

 

* Reading Time – 10 minutes 
* Working time – 3 hours 
* Write using black pen 
* NESA approved calculators may be used 
* A reference sheet is provided 
* For questions in Section II, show relevant mathematical reasoning 
       and/or calculations 
 

Total marks: 
100 

Section I – 10 marks (pages 3 – 7) 
* Attempt Questions 1-10 
* Allow about 15 minutes for this section 
 

Section II – 90 marks (pages 8 – 15) 
* Attempt Questions 11-16  
* Allow about 2 hours and 45 minutes for this section 
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Section I 

10 marks 
Attempt Questions 1 – 10. 
Allow about 15 minutes for this section. 

Use the multiple-choice answer sheet for Questions 1 – 10. 

1.  Which of the following is a solution to the equation |𝑒−𝑖𝜃 − 1| = 2? 

A.      𝜃 = −
𝜋

2
 

B.      𝜃 = 0 

C.      𝜃 =
𝜋

2
 

D.      𝜃 = 𝜋 

2.  What is the contrapositive of the following statement? 

“If you’re happy and you know it, then you will clap your hands.” 

A.     If you clap your hands, then you’re happy and you know it. 

B.     If you clap your hands, then you’re either not happy or you don’t know it. 

C.     If you don’t clap your hands, then you’re not happy and you don’t know it. 

D.     If you don’t clap your hands, then you’re either not happy or you don’t know it. 

3.  It is given that 𝑎, 𝑏, 𝑐 and 𝑑 are consecutive integers. 

Which of the following statements may be false? 

A.      𝑎𝑏𝑐𝑑 is divisible by 3 

B.      𝑎𝑏𝑐𝑑 is divisible by 8 

C.      𝑎 + 𝑏 + 𝑐 + 𝑑 is divisible by 2 

D.      𝑎 + 𝑏 + 𝑐 + 𝑑 is divisible by 4 
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4.  
Vectors �̰� and �̰� have components (

1
3
2
) and (

3
𝑡
4
) respectively. 

The following statements are made about �̰� and �̰�: 

Statement I: When 𝑡 = 5, �̰� and �̰� are parallel 

Statement II: When 𝑡 =
1

5
, �̰� is a unit vector 

Which of the following is true? 

A. Both statements are incorrect. 

B. Only Statement I is correct. 

C. Only Statement II is correct. 

D. Both statements are correct. 

5.  ∫ tan3 𝑥 𝑑𝑥 can be evaluated as: 

A.     1
2
tan2 𝑥 − ln | cos 𝑥 | + 𝐶 

B.     1
2
tan2 𝑥 + ln | cos 𝑥 | + 𝐶 

C.     1
2
tan2 𝑥 + 𝐶 

D.     1
4
tan4 𝑥 + 𝐶 
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6.  Which vector equation best describes the curve below?  

 

A.      �̰�(𝑡) = sin 𝑡 �̰� + cos 𝑡 �̰� + 𝑡2�̰� 

B.      �̰�(𝑡) = sin 𝑡 �̰� + cos 𝑡 �̰� + ln 𝑡 �̰� 

C.      �̰�(𝑡) = cos 𝑡 �̰� + sin 𝑡 �̰� + 𝑡�̰� 

D.      �̰�(𝑡) = cos 𝑡 �̰� + sin 𝑡 �̰� + 2𝑡�̰� 
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7.  The complex number 𝑧 is shown below. 

 

Which of the following is the graph of 𝑖𝑧̅? 

A. 

 

B. 

 

C. 

 

D. 
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8.  The velocity 𝑣 cm/s of a particle moving along the 𝑥 −axis is given by 

𝑣2 = −4𝑥2 + 24𝑥 − 34 

where 𝑥 is in centimetres. 

Given the particle is moving in simple harmonic motion, find the centre of the motion. 

A.     −34 

B.     −3 

C.     3 

D.     4
 

9.  The diameter of a sphere is a line segment joining (2, −6, 1) and (−6, 𝑎, 9). 

Given the volume of the sphere is 288𝜋 cubic units, find a possible value for 𝑎. 

A.     −2 

B.     0 

C.     2 

D.     6 

10.  𝑓(𝑥) and 𝑔(𝑥) are continuous functions such that: 

𝑓(𝑥) = 𝑓(1 − 𝑥) 

𝑔(𝑥) + 𝑔(1 − 𝑥) = 2 

∫ 𝑓(𝑥)
1

0

𝑑𝑥 = ∫ 𝑓(1 − 𝑥)
1

0

𝑑𝑥 

Which one of the following is equivalent to: 

∫ 𝑓(𝑥)
1

0

𝑔(𝑥)𝑑𝑥 

A.  ∫ 𝑓(𝑥)
1

0
𝑑𝑥 

B.    2∫ 𝑓(𝑥)
1

0
𝑑𝑥 

C.    3∫ 𝑓(𝑥)
1

0
𝑑𝑥 

D.    4∫ 𝑓(𝑥)
1

0
𝑑𝑥 
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Section II 

90 marks 
Attempt Questions 11 – 16. 

Allow about 2 hours and 45 minutes for this section. 
Answer each question in a SEPARATE writing booklet. Extra writing booklets are available. 
 
In Questions 11 – 16, your responses should include relevant mathematical reasoning and/or 
calculations.  
 

 
Question 11 (14 marks) Use a new writing booklet.  

(a) (i) Express 𝑧 =
1+√3𝑖

1+𝑖
 in the form 𝑟(cos 𝜃 + 𝑖 sin 𝜃). 2 

(ii) Find the smallest positive integer 𝑛 such that 𝑧𝑛 is a real number. 2 

  

(b) Find the values of 𝑎 and 𝑏 such that (3, 𝑎, 5) divides the line segment joining 

(−1, 0,3)  and (5, 3, 𝑏) in the ratio 2: 1. 

3 

   

(c) (i) Find the square roots of −3 − 4𝑖. 2 

(ii) Hence, or otherwise, solve the equation 𝑧2 − 3𝑧 + (3 + 𝑖) = 0. 2 

  

(d) A particle travels along the 𝑥 −axis so that the relationship between its velocity 𝑣 cm/s and 

displacement 𝑥 cm is given by 𝑣 = −0.3𝑥. 

(i) Show that the particle does not exhibit simple harmonic motion. 1 

(ii) The initial displacement of the particle is 𝑥 = 6 cm. 

How long does it take for the particle to have a displacement of 2 cm? 

2 

  

 End of Question 11  
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Question 12 (15 marks) Use a new writing booklet.  

(a) 
 

(i) Write the following mathematical statement in words. 

∀ 𝑘 ∈ ℤ+, ∃ 𝑥 ∈ ℤ such that 𝑥2 + 𝑥 − 𝑘 = 0 

1 

(ii) Use proof by contradiction to prove the following statement: 

“If 𝑝 is odd, then 𝑥2 + 𝑥 − 𝑝2 = 0 has no integer solution.” 

3 

  

(b) Two lines, 𝑙1 and 𝑙2, are given below: 

𝑙1: �̰�(𝑡) = 2�̰� + 3�̰� + 𝑡(�̰� − �̰� + 2�̰�) 

𝑙2:
𝑥 − 2

2
=

𝑦 + 1

−1
=

𝑧 − 4

3
 

(i) Show that 𝑙1 and 𝑙2 intersect. 2 

(ii) Find the acute angle between 𝑙1 and 𝑙2, to the nearest minute. 2 

  

 

(c) A particle is moving in simple harmonic motion in a straight line with 

amplitude 8 metres. The speed of the particle is 12 m/s when it is 4 metres 

from the centre of its motion. 

Find the period of the motion.  

3 

  

 

Question 12 continues on page 10 
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(d) (i) Determine the values 𝑎, 𝑏 and 𝑐 such that 

1

𝑥(1 + 𝑥2)
≡

𝑎

𝑥
+

𝑏𝑥 + 𝑐

1 + 𝑥2
 

2 

(ii) Hence, find 

∫
arctan 𝑥

𝑥2
𝑑𝑥 

2 

  

 End of Question 12  
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Question 13 (16 marks) Use a new writing booklet.  

(a) A particle is projected along the 𝑥 −axis with speed 𝑢 and has acceleration 

given by 𝑎 = −𝑘𝑣3, 𝑘 > 0.  

 

(i) Show that the particle’s velocity is given by 

𝑣 =
𝑢

1 + 𝑘𝑢𝑥
 

where 𝑥 is the displacement from the starting point. 

3 

(ii) Find how long it takes for the particle to slow down to a speed of 𝑢
3
. 

Write your answer in terms of 𝑘 and 𝑢. 

2 

       

(b) Using an appropriate substitution, evaluate 

∫
3

𝑥2√𝑥2 − 9
𝑑𝑥 

3 

  

(c) The complex number 𝑧 is represented by the point 𝑃. 

Given that 𝑃 moves in a way such that 𝑧−2

𝑧−𝑖
 is purely imaginary, sketch the 

locus of 𝑃, show any intercepts and any key features. 

4 

   

(d) Let 𝜔 be a non-real fifth root of unity.   

(i) Show that 𝜔4 + 𝜔3 + 𝜔2 + 𝜔 + 1 = 0. 1 

(ii) Prove that 𝜔 − 𝜔4 is a root of the equation 𝑧4 + 5𝑧2 + 5 = 0. 3 

  

 End of Question 13  
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Question 14 (16 marks) Use a new writing booklet.  

(a) Let 𝑎𝑛 be the sequence defined recursively by 𝑎0 = 0 and 𝑎𝑛 = 𝑎𝑛−1 + 3𝑛2 

for all integers 𝑛 ≥ 1. 

Use mathematical induction to prove that for all integers 𝑛 ≥ 0, 

𝑎𝑛 =
𝑛(𝑛 + 1)(2𝑛 + 1)

2
 

3 

  

(b) The diagram below shows Δ𝐴𝐵𝐶. Points 𝐷 and 𝐸 bisects 𝐴𝐵 and 𝐵𝐶 

respectively. Let 𝐷𝐵⃗⃗⃗⃗⃗⃗ = �̰� and 𝐵𝐸⃗⃗⃗⃗  ⃗ = �̰�. 

 

 

(i) The lines 𝐴𝐸 and 𝐶𝐷 intersect at 𝑃 such that 𝐴𝑃⃗⃗⃗⃗  ⃗ = 𝑘𝐴𝐸⃗⃗⃗⃗  ⃗, 0 < 𝑘 < 1. 

Using vector methods, show that 𝑘 =
2

3
. 

4 

(ii) Let 𝐹 be the point that bisects 𝐴𝐶. 

Show that 𝐵, 𝐹 and 𝑃 are collinear. 

2 

  

 

Question 14 continues on page 13 
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(c) Given 𝑧 = cos 𝜃 + 𝑖 sin 𝜃:   

(i) Prove 𝑧𝑛 +
1

𝑧𝑛 = 2 cos 𝑛𝜃. 2 

(ii) Hence, by considering the expansion of (𝑧 +
1

𝑧
)
4
, show that 

cos4 𝜃 =
1

8
cos 4𝜃 +

1

2
cos 2𝜃 +

3

8
 

3 

(iii) Hence, evaluate 

∫ cos4 𝜃

𝜋
2

0

𝑑𝜃 

2 

  

 End of Question 14  
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Question 15 (15 marks) Use a new writing booklet.  

(a) Find the exact area bounded by the curve 𝑦 = 2𝑥 ln 𝑥, the 𝑥 −axis and the 

lines 𝑥 =
1

𝑒
 and 𝑥 = 𝑒. 

4 

  

(b) (i) Prove by mathematical induction, for 𝑧 ≠ 1, 

1 + 2𝑧 + 3𝑧2 + ⋯+ 𝑛𝑧𝑛−1 =
1 − (𝑛 + 1)𝑧𝑛 + 𝑛𝑧𝑛+1

(1 − 𝑧)2
 

4 

(ii) Hence, or otherwise, prove that 

2 +
3

2
+

4

22
+ ⋯+

𝑛

2𝑛−2
= 6 −

𝑛 + 2

2𝑛−2
 

3 

(iii) Show that, when 𝑧 ≠ 0, 

1 + 2𝑧 + 3𝑧2 + ⋯+ 𝑛𝑧𝑛−1 =
𝑧−1 − (𝑛 + 1)𝑧𝑛−1 + 𝑛𝑧𝑛

𝑧−1 − 2 + 𝑧
 

1 

(iv) Hence, by writing 𝑧 = cos 𝜃 + 𝑖 sin 𝜃 and using De Moivre’s 

Theorem, show that 

∑ 𝑘 cos(𝑘 − 1)𝜃

𝑛

𝑘=1

=
(𝑛 + 1) cos(𝑛 − 1)𝜃 − 𝑛 cos 𝑛𝜃 − cos 𝜃

2(1 − cos 𝜃)
 

3 

   

 End of Question 15  
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Question 16 (14 marks) Use a new writing booklet.  

(a) (i) Given that 𝑎 > 0, 𝑏 > 0, prove that 

𝑎 + 𝑏 ≥ 2√𝑎𝑏 

2 

(ii) Hence, show that sec2 𝑥 ≥ 2 tan 𝑥. 1 

(iii) Prove that, for all integers 𝑛 ≥ 0 and 𝑥 ∈ (0,
𝜋

2
), 

sec2𝑛 𝑥 + cosec2𝑛𝑥 ≥ 2𝑛+1 

3 

   

(b) Let 𝐼𝑛 = ∫ 𝑥𝑛√𝑎2 − 𝑥2𝑎

0
𝑑𝑥, 𝑎 ∈ ℝ+ and 𝑛 = 0, 1, 2, …   

(i) Prove that, for 𝑛 = 2, 3, 4, … 

𝐼𝑛 =
𝑎2(𝑛 − 1)

𝑛 + 2
𝐼𝑛−2 

3 

(ii) Prove that, for 𝑛 = 0, 1, 2, … 

𝐼2𝑛 = 𝜋 (
𝑎

2
)
2𝑛+2 (2𝑛)!

𝑛! (𝑛 + 1)!
 

3 

(iii) 𝐶𝑛 =
1

𝑛+1
(
2𝑛
𝑛

) denotes the Catalan numbers. 

Prove that 

𝐶𝑛 =
1

𝜋
∫ 𝑥2𝑛√4 − 𝑥2

2

0

𝑑𝑥 

2 

    

 End of Paper  
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