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Section I

10 marks

Attempt Questions 1 — 10.

Allow about 15 minutes for this section.

Use the multiple-choice answer sheet for Questions 1 — 10.

1. Which of the following is a solution to the equation e ¢ — 1| = 22
A =-2
2
B. 6=0
c. 6=12
2
D. 6=m
2. What is the contrapositive of the following statement?

“If you’re happy and you know it, then you will clap your hands.”

A. Ifyou clap your hands, then you’re happy and you know it.

B. Ifyou clap your hands, then you’re either not happy or you don’t know it.

C. Ifyoudon’t clap your hands, then you’re not happy and you don’t know it.

D. Ifyou don’t clap your hands, then you’re either not happy or you don’t know it.
3. It is given that a, b, ¢ and d are consecutive integers.

Which of the following statements may be false?

A.

B
C.
D

abcd is divisible by 3
abcd is divisible by 8
a+ b + ¢ + d is divisible by 2

a + b + ¢ + d is divisible by 4



1 3
Vectors u and v have components (3) and <t> respectively.
2 4

The following statements are made about u and v:

Statement [: When t = 5, u and v are parallel

v 1S a unit vector

Statement II: When t =

Ul | =
-

Which of the following is true?

Both statements are incorrect.
Only Statement I is correct.

Only Statement II is correct.

O 0w p

Both statements are correct.

[ tan3 x dx can be evaluated as:

A. %tanzx—ln|cosx|+C

B. %tan2x+ln|cosx|+C
1.2

C. 5 tan x+C

D. %tan“x +C



Which vector equation best describes the curve below?

W

A. r(t)=sinti+cost] +t?’k
B. r(¢t) =sinty+costj+Intk
C. r(t)=costy+sint)+tk

D. 71(t)=costi+sintj)+ 2k

T~y



7.

The complex number z is shown below.

Imi(z)

;

[

Which of the following is the graph of iz?

A. Im(z) B.
0 \ dalz)

C. Im(z) D.
= » Re(z)

Re(z)

I z)

()

Tmi z)

o

Re(z)

Re(x)



10.

The velocity v cm/s of a particle moving along the x —axis is given by
v? = —4x? + 24x — 34
where x is in centimetres.

Given the particle is moving in simple harmonic motion, find the centre of the motion.

A, —34
B. -3
C. 3

D. 4

The diameter of a sphere is a line segment joining (2, —6,1) and (=6, a, 9).

Given the volume of the sphere is 288 cubic units, find a possible value for a.

A =2
B. 0
C. 2
D. 6

f(x) and g(x) are continuous functions such that:
fO)=f1-x)
gx) +g(1—x) =2

j:f(x) dx = j:f(l —x)dx

Which one of the following is equivalent to:

1
j FG) g0 dx
0

A [ f(x)dx
B. 2 f(x)dx
C. 3[ f(x)dx

D. 4[ f(x)dx



Section 11

90 marks
Attempt Questions 11 — 16.

Allow about 2 hours and 45 minutes for this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (14 marks) Use a new writing booklet.

(@) (i) Expressz = 1:fi in the form r(cos 8 + i sin 6). 2
(i1) Find the smallest positive integer n such that z™ is a real number. 2
(b) Find the values of a and b such that (3, a, 5) divides the line segment joining 3

(—=1,0,3) and (5, 3, b) in the ratio 2: 1.

() (1) Find the square roots of —3 — 4. 2
(ii) Hence, or otherwise, solve the equation z2 — 3z + (3 + i) = 0. 2
(d) A particle travels along the x —axis so that the relationship between its velocity v cm/s and
displacement x cm is given by v = —0.3x.
(1) Show that the particle does not exhibit simple harmonic motion. 1
(i) The initial displacement of the particle is x = 6 cm. 2

How long does it take for the particle to have a displacement of 2 cm?

End of Question 11



Question 12 (15 marks) Use a new writing booklet.

(2)

(b)

(©)

(1) Write the following mathematical statement in words.
VkeZ"',3x €Zsuchthatx? +x—k =0
(i1) Use proof by contradiction to prove the following statement:

“If p is odd, then x2 + x — p? = 0 has no integer solution.”

Two lines, [; and [,, are given below:

Lir(t) =21+ 3k +tQ—J + 2k)

x—=2 y+1 z—4

bi— 1 3

(1) Show that [; and [, intersect.

(i) Find the acute angle between [ and [,, to the nearest minute.

A particle is moving in simple harmonic motion in a straight line with
amplitude 8 metres. The speed of the particle is 12 m/s when it is 4 metres

from the centre of its motion.

Find the period of the motion.

Question 12 continues on page 10



(d)

(1) Determine the values a, b and ¢ such that

1
x(1+ x2?)

bx + ¢
1+ x2

a
—+
x
(i1)) Hence, find

dx

f arctan x
x2

End of Question 12

-10-



Question 13 (16 marks) Use a new writing booklet.
(a) A particle is projected along the x —axis with speed u and has acceleration

given by a = —kv3,k > 0.

(1) Show that the particle’s velocity is given by

u

v=1+kux

where x is the displacement from the starting point.

() Find how long it takes for the particle to slow down to a speed of %

Write your answer in terms of k and u.

(b) Using an appropriate substitution, evaluate
3
[
x*Vx? —9
(©) The complex number z is represented by the point P.

Given that P moves in a way such that g is purely imaginary, sketch the

locus of P, show any intercepts and any key features.

(d) Let w be a non-real fifth root of unity.
(i) Show that w* + w® + w? + w + 1 = 0.

(ii) Prove that w — w* is a root of the equation z* + 5z2 + 5 = 0.

End of Question 13

-11 -



Question 14 (16 marks) Use a new writing booklet.
(a) Let a,, be the sequence defined recursively by a, = 0 and a,, = a,,_; + 3n?

for all integers n > 1.

Use mathematical induction to prove that for all integers n > 0,

nn+1)(2n+1)
a, = >

(b) The diagram below shows AABC. Points D and E bisects AB and BC

respectively. Let DB = u and BE = V.

C

(i) The lines AE and CD intersect at P such that AP = kﬁ, 0<k<1.
Using vector methods, show that k = %

(i) Let F be the point that bisects AC.

Show that B, F and P are collinear.

Question 14 continues on page 13

-12 -



(c) Given z = cos 0 + isin6:

() Prove z" + zin = 2 cosné.
(i1) Sy . 1\*
Hence, by considering the expansion of (Z + ;) , show that

46 = 2 cos 46+~ cos 26 + -
CoS —8COS 2COS 3

(iii) Hence, evaluate

NE

f cos* 0 de
0

End of Question 14

-13-



Question 15 (15 marks) Use a new writing booklet.

(a) Find the exact area bounded by the curve y = 2x In x, the x —axis and the

) 1
lines x = ;andx =e.

(b) (1)

(i)

(iii)

(iv)

Prove by mathematical induction, for z # 1,

1-—(+ 1Dz" + nz*t?

14+2z+32°+ - +nz"1 =

(1-2)?
Hence, or otherwise, prove that
3 4 n n+ 2
2+§+§+“'+2n—2 = 6— 2n—2

Show that, when z # 0,

zl—(m+1Dz" 1t +nz"

142z+432z%+ - +nz"t=
z71—2+42z

Hence, by writing z = cos 8 + i sin 8 and using De Moivre’s

Theorem, show that

. (n+ 1) cos(n — 1)6 0 0
n cos\n — — ncosnov — CoS
k cos(k — 1) =
kz_l cos( ) 2(1 —cos8)

End of Question 15

-14 -



Question 16 (14 marks) Use a new writing booklet.

(@)

(b)

(ii})  prove that, for all integersn > 0 and x € (0, E),

(1) Giventhata > 0,b > 0, prove that

a+b>=>2Vab

(ii) Hence, show that sec? x > 2 tan x.

2

sec®™ x + cosec?x > 2nt1

Letl, = f()ax"\/a2 —x%2dx,a € Rtandn=0,1,2, ...

(1) Prove that, forn = 2,3,4, ...

p =az(n—l)
n n+2 "2

(i1)) Prove that, forn =10,1,2, ...

a\2n+z - (2n)!
fn=m (_) nl(n+ 1)!

1

(111) C,=— (2;1) denotes the Catalan numbers.

n+1

Prove that

1 2
an—f x?\4 — x2 dx
TJo

End of Paper

-15-
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